nOTICE: When government or other drawings, specifications or other data are used for any purpose other than in connection with a definitely related government procurement operation, the U. S. Government thereby incurs no responsibility, nor any obligation whatsoever; and the fact that the Government may have foxnulated, furnished, or in any way supplied the said drawings, specifications, or other data is not to be regarded by implication or othervise as in any manner licensing the holder or any other person or corporation, or conveying any rights or permission to manufacture, use or sell any patented invention that may in any way be related thereto. iv IMTRODUCTION Theories of grain-boundary diffusion invariably begin with the formulation of a boundary-value problem whose solution is expected to describe grain-boundary diffusion. A crucial question is then how well does the solution actually describe the phenomenon. To answer this two things are needed: an accurate experimental study of grain-boundary diffusion and an equally accurate solution of the boundary-value problem, ttifortunately the exact solution of the boundary-value problem is not usually possible in closed form and in the single case where an exact solution is known the form of the solution makes its numerical evaluation extremely difficult. As a result approximate solutions have been developed (in the case being considered the approximate solution antedates the exact solution). This raises another question of a purely mathematical nature, namely how accurate is the approximation.
In this report the boundary-value problem treated by Fisher ' and (2) by Whipple has been considered carefully in an attempt to resolve the following questions:
1. Is Whipple's solution, in fact, exact? 2. What are the weaknesses of Fisher's approximate treatment? 3. What is the range of validity of Fisher's approximation?
The first two of these questions have been answered, the second by pointing out that neglecting certain partial derivatives is not admissible under all circumstances. Whipple's solution is shown to be exact by means of a careful reworking of his analysis. The remaining question is partially answered I by outlining the calculations needed to -justify Fisher's solution.
WHIPPLE'3 SOLUTION

Statement of the Problem
The idealized situation studied by Whipple is that in which the half space, y > 0, is filled with a material of diffusivity D except for a thin slab of width 2a. This slab is bounded by the planes x ■ a and x = -a. The '/ ' s 
diffusivity in this slaV» is D (D > > D)
. At time t ■ 0 the concentration on the surface y ■ 0 is suddenly raised to unity and maintained at unity. The problem is to find the concentration C ■ C(x,y,t) elsewhere. 
It is assumed that for t > 0, C is a continuous function of x and y. This moans that C -C fc x -± a.
At the boundaries x ■ ± a, -^ is discontinuous and satisfies the equation The convergence of Ö(x,|i,t) will first be determined.
The function C(x,y,t) is bounded by the value it would have if D ■ D , that is if the material outside the slab had the same diffusivity as the material inside. The solution to this problem is well known. ' It is
Therefore since A 0 < C(x,y,t) < erfc 2\fDh it can be seen that f C(x,y,t)dy exists, and hence j sin(|iy) C(x,y,t)dy exists.
(15)
This also gives a bound on 9(x J n,t):
The second integral, J e(x,n,t) exp(-Xt)dt, will now be discussed. First it is observed that X, is a complex number with positive real part. This will insure convergence since o't |e(x,ji,t) exp(-\t)| < 2V^ exp(-at)
where a is the real part of X, and
This also shows that >Kx,!i,X) has a bound which is independent of x and \i (but not X).
When the function iKx,n,X) is obtained, it will be seen to possess the correct properties so that the inversion formula Y + iR e(x#,t) --^T lim I" exp(Xt) >Kx, l i,X)dX -iR 2ni R-*» holds for Y > 0 « From the properties on C(x,y,t) it will be shown that C(x,y,t) --j e(x,ti,t) sin(My)djx.
Transformation of the Differential Eqtiation
When C(x,y,t) is transformed by the Fourier-Laplace transform, the 2 2 2 2 derivatives dC/dx and 8 C/9x are transformed into d^'/dx and 8 |/dx , respectively.
The derivative 8 C/ay will now be transformed. First it must be observed that lim C(x,y,t) ■ 0, and lim |£ -0. Observing that C(x,0,t) ■ 1, multiplying this last expression by exp(-Xt), and integrating gives
.
Thus -s is transformed into 3y u 2 r -il >Kx,H,X) .
To transform |r the integral I exp(-Xt) TT dt is evaluated. Because dt ■ exp(-Xt) C(x,y,t) C(x,y,0) = 0,
Multiplying hy sin(ny) and integrating gives J sin(My)dyJ exp(-Xt) ||| dt -Xj sinCpy)^ f sin(|jy)(^rl exp(-Xt) C(x,y,t)dt. 0 "'O
3C
Thus TT is transformed into ot \\Kx,n,X).
From these results it follows that the differential Eq. (2) 
Solution of the Transformed Squation
The function >Kx,n,X) is to be regarded as a complex function of the real variable x for fixed \i and X. Then Eq. (16) 
where A, B, and E are functions of X and |i and the radical indicates that the square root with positive real part be taken. Since t is a bounded function of x, we can reject the term XV n + -. ^""Y-iR K 2+ xf ) xl .
Since the value of C, was independent of Y before the substitution the last form is also independent of the choice of Y as long as Y > 0. The primes can be dropped and C, can be written
For the purposes of evaluating the contour integral, X will be written as x + iy. (There should be no confusion of this x and y with the original x and y of the problem.)
The integrand,
is analytic for all values of X except for X = 0 and X a -n where it has simple poles. Therefore the integral of this function about a closed contour which encloses both poles has the value cxp(-|x 2 ) 2
•
2ni n ■ since the residue at X ^ 0 is -^ and the residue at X . ,2 is -22bii
Let the closed contour to be used consist of the line x «= Y between the points Y -iR and the point y + iR ^ the part of the circle, X «» R e , Now as IU«o it v;ill be seen that the contribution to this integral fron the circular part goes to zero. The integrand along this part of T is , » le. (R -\i )R 7 on r.
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The length of the curve PpP.P-, is less than 2nR j therefore n This permits C to be written: The following substitutions will now be made: 
after droppinc the primes. Note that y > 0 and this expression for C-inherits the property of being independent of y.
2
It is desirable, however, to take the contour integral along the line x B -\i c . (Again X is written x + iy for the contour integration.) The point 2 X ■ -p, is a branch point of the integral and must therefore be avoided. The contour which will be used is shown in Figure 2 and is denoted by r(R).
The curved part of r(R) is a semi-circle of unit radius with center at the point -u , while the rest of f(R) consists of the line x ■ -n between 2 2 the points -M--iR and -n + iR.
The function V?T X is analytic for all values of X where X is not 2 2 real and all real values of X greater than -n . The only zero of (n + X) is 2 2 T / 2 at X ■ -u,. The function An + -VM-+ ^ + ^ is analytic at all points where |i + X is. It cannot be zero if X has an imaginary component because a > 0 and Im("v p. + X) has the same sign as iPi(X). It cannot be zero for real X 2 I 2 greater than -\i because Ä > 1 and y M-+ X is a positive real number in this case.
Therefore the function exp(X-rJn + >0 (ia 2 + xMn 2 + i"v?
is analytic at all points en r(R) and all points to the right of r(R). From this it follows that
Alone the segment P 0 P^, X = x + i? and 1/ + x| > R, (because; Iriy \i + X) has the sar.e si'T. as Ir:(X)), and Ic;:;-X -^-six + X | < exp Y (because rcc(7 a + X) > j). This ^ives that
and this goes to zero as R-»» . A similar argument holds for P 7 Pi. These
fU. Y -iR
The transformation v -V|x + X will now be performed on the integral along r(R), where again the radical indicates the square root with positive real part. This transformation takes r(R) into the contour T (R) shown in Figure 3 . 
S-iS
Along the line segment P. P , v a S + iy where -S < y < S. For these values of v
This «rives
and this ^oes to zero as S+* . Thus
11. .
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The case where o < t gives an integral of the form lim i.
where J and K are positive real numbers. This will be shown to be equal to
V -iS
To do this it must be observed that
by the contribution from the horizontal segments P, P-and P,P shown in and this goes to zero as S+oo .
This now leaves for C 2 the expression
where
Let v be written Y + iy f or the evaluation of Q. Then dv s • idy and Since Q does not involve n, the third integration in forrcula (21) can be done separately
The integration on ? can be performed separately by observing that Q 
Combining fornulas (22) and (23) with (21) gives
(2Ü)
This gives It was shown before that 1 C(x,y,t)dy exists. Therefore since 0 C(x,7,t) is assiin.ed to be a continuous diffcrentiablc function of y, one can write^7\
C(x,y,t) --1 sin(|jy)dtx I C(x,y ,t)sin(|jy )dy --I sin(^y)9(x,n,t)d|a.
Let C(x,y,t) be a solution. Then 0(x,n,t) and >Kx,|j,,\), determined by C(x,y,t), must exist. >Kx,|i.,X) is then uniquely determined and uniquely inverted to 9(x,u,t). But 9(x.|i,t) has a unique inverse also hence there is only one possible choice for C(x,y,t).
USHER'S SOLUTION Statement of the Problem (2)
The idealized situation studied by Fisher v ' is the same as that of Uhipple. The half space, y > 0, is filled with a material of diffusivity D except for a thin slab of width 5. This slab is bounded by the planes x » 0 i.i and x ,s -6. The diffusivity in this slab is D (D > > D). At time t » 0 the concentration on the surface y = 0 is suddenly raised to unity and maintained at unity. The problem is to find C ■ C(x,y,t) elsewhere. Fisher refers to the plane y = 0 as the free surface.
The diffusion equation holds for the concentration C outside the thin slab. That is for C outside the thin slab.
D\rc-|i, (26)
The Differential Equation in the Slab Let the thickness of the slab, 6, be very small so that variations in C across it are negligible. Consider a rectangular parallelopiped in the slab of length Az in the z-direction, of width tej in the y-direction and of width slightly greater than 5 in the x-direction. Let this be oriented in the slab with two of its faces lust outside the slab and parallel to the slab. Let P be the point at the center of this parallelopiped. Let 30/dt, denote the value of that derivative at the point P. Then the flow of material into this volume is approximately 6(Av)(Az) 9C/at. This can also be written as the sum of the flow through the sides of the parallelopiped. In the z-direction there is no flow. In the x-direction there is the flow F just outside the surface x B 0 (and its negative just outside the surface x ■ -5). Therefore the amount of material coming into the volume in the x-direction is
where the subscript zero indicates that P is evaluated just outside the slab.
Of course by Fick's law (outside the slab)
22
The flow at the point P in the y-direction is F and so the amount (27) for the concentration in the slab.
Fisher's ApproxLnate Solution
At this stage the problem is identical to that solved by Whipple. Equations (26) and (27) are just the sains as Eqs. (2) and (11).
Equation (26) is simplified by the observation that the concentration of the diffusing material will be much greater in the slab than outside because of the much higher diffusivity inside. This means that near the surface x = 0 and far fron the surface y B 0 the flow of material is normal to the surface v « o
In terms of the parameters of the problem this says that if < < m ■ From this it is concluded that i4 < < I4I Equation (28), written in terms of these dimensionless parameters, becomes (29) for points outside the slab and Eq. (27) becomes
for points in the slab.
Fisher solves these two equations by a numerical method and uses the numerical solution to draw'sone conclusions about C(x,7,t). He observes that C rises in the slab at a rapidly decreasing rate. Because of this the value of C outside the slab can be treated as though the value of C in the slab is independent of the time. Let ^(y-,, t,) be the concentration in the slab.
The assumption that 9(7., t,) is independent of the time gives for a solution of Eq. (29) taiy^ t-jj erfc 1 X, \ "1 \2V^ (31) and this takes on the value (p(y , t ) when x= 0.
At this point Fisher's reasoning is difficult to follow. He says that outside the slab for most of the time. From this f in tho slab > > i; max he concludes that tho value of (p(y,, t.) can be derived approximately from Eq. (30) by assuring |~-o 0.
This assumption applied to Eq. (30) 
^1
The only way to verify this seems to be to look at Fisher's final solution and determine if this is so. to determine ^(y-, t ). This requires that ac/at in the slab be small compared to 2(aG/6x,) 0 
DISCUSSION OF BORISOY, GOUKOV AND UUBOV'S WORK
The following is a partial study of the derivation of It is desired to evaluate the contour integral of C« alon^ the y-axis instead of T (Sj. Kore precisely, let r(3,ej be the contour which consists of the part of the y-axis between the points -i3 and iS excluding the segment between -ie and ie. (It is assumed that S is a very large positive real number while e is a very small positive real number.) The remaining part of r(S,e) 16 will be the half of the circle v B ce which is to the right of the y-axis. This contour is shown in Figure 7 . It should be noted that the x and y of Figure 7 and the y to be used as a variable of integration on contour are not the original x and y of the problem. This integral is clearly independent of e and so it is permissible bo find the limit as e^a. . The next step is to evaluate the first integral and to replace |j. by g, y by n, T) by y/'Vüt and g by x/"VDt in the double integral. Then 
^ "e-9r~
z sin(rri) + cos(rri)
where the ^ ' is left in that form so that the Jacobian will cancel it. Since (h) Validity of Fisher's Approxination. The range of parameters for which Fisher's approximation is valid should be established. This investigation should consider the following: the actual deduction of Fisher's formula using Whipple's solution to study the approximations which are used; the shape of the isoconcentration contours compared with the exact contours} and the validity of the activity equation used to interpret tracer study results.
(5) Borisov's Deduction of Fisher's Formula. Borisov^' claims to have deduced Fisheir's formula from the exact solution. His presentation is sufficiently sketchy that it requires a careful reexamination. This procedure might resolve some of the questions raised above and at any rate should end the controversy which has been going on for several years. - .3 
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